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1. INTRODUCTION

The mathematical community has studied Ramsey theory, additive combinatorics, and
closely related ancestors for over a century [15], [16]. These subjects are so rich that they
have attracted the attention of notable mathematicians including Paul Erdds and Terence
Tao.

Roughly speaking, Ramsey theory is the study of patterns in sets that are indestructible
under finite partition. For instance, consider the set {1,2,3,4,5}. One may notice that it
admits several solutions to the equation a +b = ¢, say 1 +1 =2 or 1 + 2 = 3. Assign each
element to one of the colors red or blue (this is a “finite partition”). One can check that no
matter how we choose the coloring, there will be either a red solution to a + b = ¢ or a blue
solution to a4+ b = ¢. As such, the solutions to a + b = ¢ are “indestructible” under colorings
of {1,2,3,4,5} in red and blue. This is the simplest nontrivial case of Schur’s theorem |[2].

Questions like these gave birth to a branch of additive combinatorics concerning patterns

which must be contained in sufficiently dense subsets of N = {1,2,3,...}. By a sufficiently
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dense subset of N, we mean a set containing a positive proportion of N, in the appropriate
sense. For example, we will prove that a sufficiently dense subset of N must contain a 3-term
arithmetic progression (3AP), which consists of 3 distinct numbers that are evenly spaced
apart (e.g., {1,2,3} or {4,9,14} or {12,14,16}). This is an informal way of stating Roth’s
theorem |[7].

We introduce some of the core results of Ramsey Theory: Schur’s theorem [2]|, Rado’s
theorem [12], Ramsey’s theorem [3|, and Van Der Waerden’s theorem [14]. We present an
original extension of Schur’s theorem in higher dimensions [13], and we provide a framework
for finding exact answers to Ramsey type problems via SAT solver, a powerful computational
tool [13[,[1]. In addition, we include original SAT computations and examples related to
Schur’s theorem in higher dimensions.

We also explore some of the foundational ideas of additive combinatorics, starting with a
formal statement of Szemerédi’s theorem [8],[9]. We then provide a proof of Roth’s theorem
for a general linear equation [7] via the Hardy-Littlewood circle method, which includes ex-
plicit dependence on the coefficients of the linear equation which has not previously appeared
in the literature. We also cite recent papers which give improved bounds and extensions of
Roth’s theorem.

Finally, we introduce the transference principle as it relates to density problems like the
Green-Tao theorem [11],[10] and coloring problems like the Pythagorean triples conjecture
[5]. We include proofs of several elementary propositions related to transference which, to
our knowledge, have not previously appeared.

2. PRELIMINARY DEFINITIONS

In order to discuss Ramsey theory, we must first introduce several definitions.

Definition 1. For r € N and a set A, an assignment of each element of A to one of r color
classes is called an r-coloring of A. More formally, this is a map A: A — {1,2,...,r}.

Definition 2. Let A be a set. Given an r-coloring of A, a subset of A is called monochromatic
if it is contained within a single color class.

Definition 3. If F is a set of subsets of A, we call F a family. The elements of F are called
members of F.

Definition 4. For N € N, let [N] = {1,2,...,N}.

Given a set A and a family F of subsets of A, we might ask the following question.
Does every r-coloring of A contain a monochromatic member of F7 Many problems in
Ramsey theory are of this form. Sometimes it is useful to state these theorems in terms of
partition reqularity.

Definition 5. Let F be a family of finite subsets of N. We say that F r-partition regular if
every r-coloring of N yields a monochromatic member of F.

Definition 6. We call a family F partition reqular if F is r-partition regular for every r € N.
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For a family F of finite subsets of N, One may check that the following two statements
are equivalent

(1) F is partition regular.

(2) For every r € N, there exists an N € N such that every r-coloring of [N] yields a
monochromatic member of F.

We often state a theorem concisely in terms of (1) but prove it by showing (2).

3. RAMSEY’S THEOREM

Our goal in section 4 is to prove Schur’s theorem, but our argument will rely on Ramsey’s
theorem, which is a generalization of what is often referred to as the party problem. How
many people must attend a party in order to guarantee there are three party goers each of
whom knows the other two or three party goers each of whom does not know the other two?

We may translate this scenario into a 2-coloring of the edges of a complete graph, which
is a collection of vertices where each pair of vertices is connected by an edge. Each vertex
represents a party goer and the edge between each pair of vertices is blue when the two know
each other and red otherwise. The problem at this point is to find how many vertices the
complete graph must have in order to guarantee that any 2-coloring yields a red triangle or
a blue triangle. It turns out the answer is 6. We encourage the reader to prove this as an
exercise (hint: Consider a 2-coloring of K in red and blue. For a given vertex u, at least 3
of its incident edges must be the same color by the pigeonhole principle).

We prove Ramsey’s theorem in its general form below. Recall that for each n € N, K,
denotes the complete graph on n vertices.

Theorem 1 (Ramsey’s theorem). Suppose r,wy, ..., w, € N. Then, there exists N € N such
that every r-coloring of Ky yields a monochromatic K,,, in color i for some 1 <i <r. In
particular, there is a smallest such N, denoted by R, (w1, ..., w,).

Proof. Fix r € N. We proceed by induction on the sum w; + - - - 4+ w,.
The base case is
Wyt Wy =T
which is achieved only when w; = -+ = w, = 1. But R,(1,...,1) = 1, so this case is handled.

For the inductive hypothesis, fix t € N, and assume R,.(wy, ..., w,) exists for every wy, ..., w, €
N satisfying wy + - - + w, = t.

Suppose wy, ...,w, € N and w; + --- 4+ w, =t + 1. By the inductive hypothesis, we know
R, (w1, ...;w; — 1,...,w,) exists for each 1 < i <r. Thus, we may take

M = max{R,.(w; — 1,...,w,), Rp(wy,wy — 1, ...;w,.), ..., R.(wq, ..., w, — 1)}
Set N =r(M — 1) +2. We claim any r-coloring of K yields a monochromatic K, in color
7 for some 1 <3 <.

Fix an r-coloring of K, and fix a vertex v. There are N — 1 edges connecting v to the

other N — 1 vertices, and each of these edges falls under one of r color categories. By the
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pigeonhole principle, there exist
N—-1] [r(M-1)+1
r B r

1
= [M—l—l——-‘

.
= M.

of these edges which are the same color, say color . These M edges connect v to M vertices.
Consider the complete subgraph induced by these M vertices. Call this subgraph G.

Observe that M > R,.(w1, ..., w; — 1, ...,w,). Thus, either G yields a monochromatic K, in
color j for some j # ¢ or GG yields a monochromatic K, in color 7. In the former case, we
are done, and in the latter case, the complete subgraph formed by v and the monochromatic
K,,—1 in color ¢ is a monochromatic K,, in color 7. Therefore, N satisfies the desired
condition. Thus, R, (wy, ..., w,) exists and is at most N.

O

4. SCHUR’S THEOREM AND RELATED RESULTS

Earlier we introduced the simplest nontrivial case of Schur’s theorem. In particular, we
claimed the family of solutions to a 4+ b = ¢ is 2-partition regular. But what about solutions
toa+b+c=dora+b+c+d=e? And what if we consider 3-colorings or 4-colorings
of N7 It turns out Schur’s theorem accounts for every family of equations of this form and
every number of colors. We will prove this using Ramsey’s theorem.

Definition 7. We call {zy,..., 21} € N a Schur k-tuple if x1 + -+ + x)_1 = xy.
Definition 8. For r, k € N, let R.(k) = R,.(k,... k).

Theorem 2 (Schur’s theorem). For every k € N, the family of Schur k-tuples is partition
reqular.

Proof. Take k,r € N, and set N = R,.(k) — 1. Fix an r-coloring A of [N]. We claim A
admits a monochromatic Schur k-tuple.

Construct an r-coloring of K1 as follows: denote the vertices of the graph by x1, ..., zy.
For every 1 <1i,j < N, set A(|i — j|) as the color the edge between z; and z;. By Ramsey’s
Theorem, we know this r-coloring of Ky.; induces a monochromatic Kj. Say the vertices
of this subgraph are z,, ..., z,,, where y; < yo < --- < y;. Transferring this configuration
to A, we see (y2 — 1), (Ys — Y2), -, (Y — Yk—1), (Y& — y1) is a monochromatic Schur k-tuple.
Indeed, these all lie in the same color category by construction, and

(Y2 — 1) + (Y3 — y2) + o + (Uk — Yr—1) = Y& — Y1,
where the sum on the left-hand side telescopes to the right-hand side.

Schur’s theorem allows us to define Schur numbers:
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Definition 9. For r, k € N, let S(r, k) be the smallest natural number for which every
r-coloring of [S(r, k)] yields a monochromatic Schur k-tuple.

After seeing Schur’s theorem, one might wonder whether it can be generalized to higher
dimensional integer lattices. The natural approach is to define Schur k-tuples of points in
N? in the following way, via component by component vector addition.

Definition 10. Let d € N. We call 21, ...z, € N% a Schur k-tuple if 1 + -+ 4+ 231 = 5.

However, with this definition, an extension of Schur’s theorem is immediate and trivial.

Theorem 3. Let d,r, k € N. Then there exists an N € N such that every r-coloring of [N]?
yields a monochromatic Schur k-tuple. In fact, S(r, k) is the smallest such N.

Proof. Let N = S(r, k). Fix an r-coloring of [N]?, and consider the main diagonal of [N]%:
D ={(z,...,r) € [N]‘}.

We have an induced r-coloring of D, which contains N = S(r, k) elements. This r-coloring
of D corresponds to an r-coloring of [N]. By Schur’s theorem, this r-coloring of [N] yields
a monochromatic Schur k-tuple satisfying x; + --- 4+ x4_1 = x;. Then the r-coloring of D
yields a monochromatic schur k-tuple as well.

(:El,...,$1)+"'+<Ik_1,...,l’k_1):(l’k,...,l‘k).

On the other hand, suppose N < S(r, k). Then, there is an r-coloring A of [N]| with no
monochromatic Schur k-tuple. Construct an r-coloring of [N]¢ in the following way. For
every | € [N], let A(l) be the color every point in [N]¢ with first coordinate [. Then, this
coloring of [N]¢ yields no monochromatic Schur k-tuple in the first coordinate, so it yields
no monochromatic Schur k-tuple in [N]%. O

Thus, we have a theorem which is equivalent to Schur’s theorem in N. However, we may
add a linear independence condition to make the problem more interesting.

Definition 11. Let d € N. We call z1,...,2;, € N% a nondegenerate Schur k-tuple if
1+ -+ xp_1 =x, and xq,...,T,_1 are linearly independent.

Observe that the linear independence condition prevents the case where Schur tuple lies
on the main diagonal. With this definition, the problem is tougher to tackle. This is one of
the major original results of this thesis [13].

Theorem 4 (Schur’s theorem in integer lattices). Let r,d € N. There exists N € N such
that every r-coloring of [N]? yields a monochromatic nondegenerate Schur (d + 1)-tuple.

Proof. Let N = R,(d+1)?+1, and consider an 7-coloring A of [N]. For each i in [N], define
yi = (4,42, ...,4%). Construct a colored Ky with vertices i, ...,yy in the following way: for
every i > j, set A(y; —y;) as the color of the edge connecting y; and y;. This is an r-coloring
of a complete graph on N = R,.(l) vertices, so it must yield a monochromatic Kyy;. Say the

vertices of this monochromatic Kqy1 are y,,, ..., ¥z, ,, Where 1 < -+ < wgqq.
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We claim
V={torr, = Yo 11 €N 1 <0 <d} U{ysyyy — Yr -
is a monochromatic nondegenerate Schur k-tuple induced by A. Indeed, V' is monochromatic
by construction, and
(Yoo = Yu) + Y2z = Yoo) + F Woars = You) = Yo — Yau-
In addition, V is linearly independent. Indeed, let aq, ao, ..., aq be scalars and suppose

Ty—m  xi—22 ... ad—al ] [a 0
r3—Ty x3—xE ... x3—af as 0
2 2 d d
Tap1 —Tq Ty —T; .. Tgo —Tgl Lag 0

By taking the product above, we obtain

>t (23— 1) 4 0
S0 (2 — 23) a _ |0
S (@ — i) a;] L0

By setting
p(x) = a1z + asx® + - - + aga?,
this becomes

p(x2) — p(w1) 0
p(x3) — p(w2) _ 0
(Tay1) — p(wa) 0
Hence,
p(x2) = p(z1)
p(x3) = p(z2)
p(za1) = p(za),

r=p(x1) = p(zs) = p(3) = p(Tas1),
for some constant r. Therefore, p achieves the same value at d + 1 distinct points. However,
the degree of p is at most d. Thus, by the fundamental theorem of algebra, p(x) = 0, so
a=ay=---=aq =0,
and the linear independence requirement is satisfied.
0

It is important to introduce Rado’s theorem as it is a powerful generalization of Schur’s
theorem. Rewrite the Schur equation a +b = c as a+b— ¢ = 0. A subset {—1,1} of the
coefficients of this linear equation sums to 0. It turns out that this condition is enough to

guarantee partition regularity.
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Theorem 5 (Rado). Suppose r € Ni¢y, ..., ¢, € Z and there is some subset of {c1,...,cx}
that sums to 0. Then there is an N € N such that every r-coloring [N] yields a monochro-
matic solution to cix1 + - -+ + ¢, = 0.

We must also mention Van der Waerden’s theorem here, as it is a direct predecessor of
Szemerédi’s theorem, which will be the focus of our discussion on additive combinatorics.

Theorem 6 (Van der Waerden’s theorem). For every k € N, the family of kAPs is partition
reqular.

Notice that Rado’s theorem implies Van der Waerden’s theorm for k£ = 3. Indeed, a 3AP
solution to the equation x 4+ z — 2y = 0.

5. SAT COMPUTATIONS

Given a family F, we might have a clever way to prove that if a set A is large enough,
then every r-coloring A yields a monochromatic member of F, but determining exactly how
large A must be usually requires immense comptutational power, and for this reason only a
few of these values are known. The most powerful tool for finding these answers is a SAT
solver.

In 2018, Marjin Heule conducted a multi-cpu year SAT computation [4] to determine
S(5,3). In particular, he showed that for n = 161, every 5-coloring of [n] yields a monochro-
matic solution to a + b = ¢, and he provided a counterexample to show this is not true
for n = 160. To illustrate the magnitude of this computation, consider the fact that there
are 5% 5-colorings of [161]. This is far more than the number of atoms in the observable
universe.

In a similar way, Heule 5] was able to show the family of Pythagorean triples (e.g., {3,4,5}
and {5,12,13}) is 2-partition regular by conducting a SAT computation to determine that
every 2 coloring of [7825] yields a monochromatic Pythagorean triple. It is conjectured that
the Pythagorean triples are partition regular.

Now we describe the general structure of the SAT expressions used to solve these problems.
Consider a family F and an r-coloring of a finite set A given by

A:A—={1,2..r}

Following the lead of Boza, Marin, Revuelta, and Sanz [1], write a logical expression in
conjunctive normal form (cnf) which is true if and only if A yields no monochromatic member
of F. For each p € A and each s € {1,2,...,7 — 1}, define a boolean variable ¢4(p) by

6u(p) = {True if A(p) =s .

False otherwise

(Note that A(p) = r when ¢1(p), p2(p), ..., ¢r—1(p) are all false). In order to guarantee A
assigns exactly one color to each point, our cnf expression must include

D=AN A (=¢ip)V-¢;(p)).

peAiI<j<r—1
7



Observe that A yields no monochromatic member of F if and only if for each m € F and
for each color i € {1,2,...,7}, A assigns at least one element of m to a color besides i. Thus,
for each m € F we include the expression

Co=1| A <\/ﬂ¢i(pj)> A \/ \/ 6i(p;)

i€[r—1] \pem [r—1] pEM

Set
C=/\ Cn
meF
Then, A induces a coloring with no monochromatic member of F if and only if D AC. When
given this expression, a SAT solver will return “unsatisfiable”, or it will print a satisfying
assignment of the variables corresponding to an r-coloring with no monochromatic member
of F. Using a SAT solver, we computed several higher dimensional Schur numbers.

Definition 12. Let r,d, k € N. Define S?(k) to be the smallest natural number such that
every r-coloring of [S%(k)]? yields a monochromatic nondegenerate Schur k-tuple.

We determined S3(3) = 6,53(3) = 18, and S%(3) > 49. The counterexamples are displayed
in the following figures.

6@ ° ° ° ° °
5q1@ ° ° ° ° °
410 o ° o ° °
3qe o ° o ° °
2qe . ° o ° °
14{e o ° o ° °

FIGURE 1. A 2-coloring of [6]? with no monochromatic nondegenerate Schur triples.
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FIGURE 2. A 3-coloring of [17]? with no monochromatic nondegenerate Schur triples.
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FIGURE 3. A 4-coloring of [48]* with no monochromatic nondegenerate Schur triples.

6. ADDITIVE COMBINATORICS

In additive combinatorics, we might ask the following question. Given a family F in N,
does a sufficiently dense subset of N necessarily contain a member of F?7 Of course, it is
important to clarify what we mean by “sufficiently dense”.

Definition 1. The density of A C N is given by

5(4) = tim 20N

N—o0 N ’

if this limit exists.

Informally, we may think of density as the probability a given natural number lies in A.
For instance, the even natural numbers have density 1/2 while the multiples of three have
density 1/3.

We defined density as the limit of a sequence, but sequences do not always converge. For
this reason, we define the upper density of a set A:

Definition 2. The upper density of A C N is given by
- ANI[N
d(A) = limsup M

N—o00 N
Note that ¢ always exists since the terms of the sequence are bounded between 0 and 1.
Then, instead of saying a A is “sufficiently dense”, we say A has positive upper density.

In order to more clearly state the theorems in additive combinatorics, we introduce another
definition.

Definition 3. Let F be a family in N. We call F density regular if for every A C N

0(A) >0 = A contains a member of F.
9



The terms in the sequence of definition 1 are nonnegative, so §(A4) > 0. Thus, if 6(A) 3 0,
then 0(A) = 0. With this in mind, we write the contrapositve of definition 3.

Definition 3. (contrapositive) Let F be a family in N. We call F density regular if for
every AC N,
Ais F-free = 0(A4) =0.

We call a set F-free if it contains no member of F. It is sometimes easier to prove theorems
using this version of the definition.

7. ROTH’S THEOREM FOR A GENERAL LINEAR EQUATION

Szemerédi’s theorem is a strengthening of van der Waerden’s theorem and one of the
foundational result of additive combinatorics.

Theorem 1 (Szemerédi’s theorem). For every k € N, the family of kAP’s is density reqular.

Proving Szemerédi’s theorem [8], [9] in its entirety is enormously difficult and far beyond
the scope of this paper, but we can handle the case k = 3, known as Roth’s theorem [7].
Notice that if x < y < z form a 3AP, then x + y — 2z = 0. This is a linear equation whose
coefficients sum to 0. It turns if ¢; + - - - + ¢, = 0, then the family of solutions to the linear
equation c;xq + - - - + cpxr = 0 is density regular. Note that this is a stronger condition than
the one in Rado’s theorem, which only requires that a subset of the coefficients sums to zero.

In order to prove Roth’s theorem for a general linear equation, we adapt the traditional
density increment argument. The fact that this adaptation is possible has been known in the
mathematical community, but we write it out in careful detail, and we come to a quantitive
bound with a multiplicative constant that is explicitly determined by the coefficients of the
linear equation. We will rely on several Fourier analytic tools. The first of these is the
orthogonality relation.

Proposition 1 (Orthogonality relation).

/1 2mina 1 an = 07
e do = )
0 0 ifneZ)\{0}.

Proof. Let n € Z. If n =0, then

1 1
/ 2T oy = / da = 1.
0 0

Otherwise, n # 0, and

1
) 1 ) ) 1
2mino 2min-1 2min-0
da = — = 1—-1)=0
/0 ‘ = 9rin (e ¢ ) 2m'n( ) =0,
where we also used the fact that n € Z and ™" = 1. O

We will use this to detect and count solutions to a given linear equation, but first we need
to define the Fourier transform.

Definition 4. Let T be R/Z, the circle parametrized by [0, 1] with 0 and 1 identified.
10



Definition 5. Suppose F' : Z — C satisfies F'(n) = 0 for all but finitely many n. Then, the
fourier transform of F'is F': T — C, defined by

F(a) =" F(n)e2mn,

neL

Definition 6. For A C Z, define 1, : Z — {0,1} by

1 a(n) = 1 ifneA
A0 iftngA”

We are ready to state the proposition which allows us to count solutions to
C1T1 + - CLTy =0

via the orthogonality relation. Note that for a finite set S, we take |S| to mean the number
of elements in S.

Proposition 2. Let Ay, ... Ay be finite subsets of N, and let cq,...,c, € Z. Then,

1
H(xy,...,2) € Ay X -+ X Ap : crzq + - -+ pxy = 0} :/ La(ara) -+ La(cra)da.
0

Proof. By the definition of the Fourier transform,

/1 Ta(cra) - ~ﬁ(0ka)da = /1 Z e tmania, Z e 2Tk TR ]y
0 0 ziea; T, €Ay
We may rewrite the product of sums in the integrand as follows.
/1 S e, § o tmiama gy /1 3 o—2rileraFeraa g,
0 pieay TREA O (@1yz) AL XX Ay,
Next, we apply the integral sum property to obtain

1 1
/ E e—27ri(clx1+~~~+ckxk)ada _ E / e—QWi(01$1+“‘+0kxk)ada7
0 0

(T1,0Tg)EALX - X A (@1,0eyTp ) EAL XX Ay,

and we use the orthogonality relation to conclude

1
§ ' / 6*27Ti(01$1+"‘+0k$k)01da
0

(wl,...,xk)GAl XX Ag

B Z 1 fexy+---+cex,=0
B 0 else

(xl,...,ik)GAlX---XAk
={(z1,...,21) € Ay X -+ X A : oz + - - ey = 0}

11



Now we have the Fourier analytic tools necessary to approach Roth’s theorem. Suppose
the coefficients of a linear equation are cy, ..., c; € Z, where ¢; + --- + ¢, = 0. Let

F={{x1,- ,2x} CZ:c1x1+ -+ gz, = 0 and x; # 2 for some i}.

We will come to an upper bound on the density of F-free subsets of N which depends
explicitly on the coefficients c¢q,...,c;. In order to clearly state this dependence, we define
the following parameters.

Without loss of generality, order ¢i,...,c, s0 c1,...,¢; < 0 and ¢jiq,...,c; > 0. Set
J = |Cl+"'+Cj|
K=cjy1+ -+

K K
(1) /3:7<1_7),and
K
—1-=
Y T
Finally, define
(v =B
(2) 7“(01,---,%):6;;_—2%-

Theorem 2 (Roth’s Theorem for a general linear equation). Define F as above. If N € N
and A C [N] is F-free, then
16N
Al € ———,
rloglog N
where r = r(cy,...,ck), as in equation (2).

Our density increment argument can be summarized in the following 4 steps.
Step 1: (Fourier peak). Define the balanced function of A C [N] by
fa=1a— 01y
We show that if the density of A satisfies several mild conditions and A contains no member

of F, then E(a), the Fourier transform of the balanced function of A, must be large for
some o € T.

Step 2: (Density increment). Suppose fa achieves a Fourier peak as in step 1. In a certain
sense this means A has a nonuniform distribution in [N]. Consequently, we may show that
if A has density J in [N], then A has density J + ¢/8 in an arithmetic progression P C [N],
where € is a positive constant determined by the Fourier peak.

Step 3: (Translate and scale). Suppose A C [N] is F-free and has density J + ¢/8 in an
arithmetic progression P C [N]. Since F is invariant under scaling and translation, we may
translate and scale P to [N'] and AN P to A" C [N'] in such a way that A’ is F-free and has
density § + ¢/8 in [N'].

Step 4: (Repeat). Given an A C [N] which is F-free, we apply steps 1 through 3 to obtain
an incrementally denser A; C [N;] where A; is F-free and N; < N. Repeat steps 1 through
3 again to obtain an even denser F-free Ay C [Ny] where A, is F-free and Ny < N;. We

repeat this process for as long as possible. However, we cannot continue forever, or else we
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would come to some A; C [Ny] with density greater than 1, which is impossible. Based on
the fact that this process must end, we extract an upper bound on the density of A.

Our summary hides many details and exceptions. This will become clear as we work
through the proof.

Lemma 1 (Fourier peak). Let N € N, and let A C [N] be F-free with |A| = IN. If

o> (rNk_2)_1/(k_1) and |AN(BN,yN]| > —(7 _25)|A|,

then .
|fa(a@)| = 76°N,
for some o € [0,1).
Proof. Let N € N and suppose A C [N] is F-free. Suppose further

A0 (BN, N]| > T2
Let x € R. Then
ar+cr+---+ogr=x(ct+---+c) =0.

It follows that {(z,,...,2) € NF} is a set of trivial solutions to ¢;x; + -+ + ¢z = 0.
Combining this with the fact that A is F-free, we see the only solutions to cix14- - -+cpxr =0
in A are the trivial solutions, of which there are |A| = éN. Hence,

6N = [{(z1,--- ,x1) € A%t ey + -+ + cpa = 0},
Thus,
SN = /1 Ta(c1a) -+ 1 (cpe)da,
by proposition 2. 0
Let f4 be the balanced function of A, defined by
fa=14— 01

Therefore,

1
ON = / La(era) -+ 1a(cp_1a0) (fA(cka) + 61[N](cka>)da
0
1

= / La(cra) - Ta(cpr0) fa(era)da

0

1
+ 5/ La(cr@) - - La(cp—1a) 1y (cror)do.
0

Apply proposition 2 once again to obtain

1
/ La(cra)la(cae) - - - 1y (cror)dar
0

={(x1,....;x)  {z1,..,x1} T Ay € [N], 1y + -+ + g, = 0}

Let

B = {(z1,...,x) : {x1, ..., xp1} CT Az € [N],c11 + - - - + g = 0}.
13



We have shown

1
(3) IN :/ La(cra) -+ 1a(cp_1a) fa(cra)da + 6| B).
0
Let {x1,...,251} CAN(BN,yN), x1 =--- =241 (mod ¢), and
1Ty + -+ Ch1Xk—1
T = — .
Ck

We claim z;, € [N]. By (1),
KN —JNy<cxi+- 4121 < KNy — JNB.
Since y =1— K/J and K > 0,
K—Jy=Kpf+K—-J>K—J.
and it is not hard to check that

K~y —JB <0.
Combining these facts gives
(4) (K — J)N <cri+F g1k <0.
We know

C101 + -+ Cr_1Tk—1

Ty — —
Ck
and K — J = —¢;. Thus, (4) becomes 0 < x; < N. In addition
ary+ -t 1T =x1(cp + - cp1) =~z =0 (mod ),
so xy is an integer. In particular, z; € [IV].
Set
C={(z1,.c,vp1) : {x1, .y xp1} CAN(BN,YN),x1 =--- =x-; (mod ¢)}.

By the work done above,
5) | <|BI.

For each i € [c], set
by = {x € AN(BN,yN):x =i (mod ¢;)}|
l [AN (BN, yN)|

and
p=I|C|/|[AN (BN, yN)[*".
Then
p=py '+ +pE
Observe pg + -+ + pe,—1 = 1, so p is minimized when
Po=-+=pPe1= 1/
Hence,
p>c(l/ef ) =1/cf 2
Recall
AN (N, ) > U= IWL
14



Combining this with (5) gives
|B| > |C]
= plAN (BN, yN)[*!
5 AN BN, NI

In particular,
|B| > 2r|A|F! = 2r6" I NFTL
By applying (3) and triangle inequality, we observe
1 1
/ 1a(cra)] -+ |1a(cp—10)|]| falcrer)|da > / La(cra) -+ - 1a(cp—1) fa(cpa)da
0 0

> ordF N1 — 6N

N
k—
> gt (er - )

Z T(Sk:Nk—l,
—1/(k—1) and

where we accounted for the fact that § > (TN k_Q)

T4(e)] < 6N VaeT.
Thus,

1
roF NEL < / [La(cr@)| - |Ta(cg—10)||fa(crar)|da
0
1
< [ 6N *[Ta(c10)|[Ta(caa) max Fa(a) da
0 (0%

1
= max[Ja ()] - 8N / Ta(c0)|[Ta(ca0)|dov
(o1 0

By the Cauchy-Schwartz inequality;,

1
mas | (o) - 9 N4 / Ta(e10)|[Ta(c0)lda
aE

gmea%dﬁ(aﬂ SF3NF3 (/ Ta(c10)] da) (/ 1Ta(c20)] da)

By Plancherel’s identity,

mg%|ﬁ(a)| SFINES (/ Ta(cia)| da) (/ Ta(cz0)| da)

= max |fa(a)| - PN EN) 2 (5N) 2
aE
15
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=max|fa(a)] - 6" N2,
In particular,
ro" NF1 < max |fa(Q)] - 0" 2NF2,
ac
Dividing through by §*"2N*~2 gives

max [fa(a)] > r6°N.

O

Lemma 2 (Density increment). Let N € N, and let A C [N] be F-free with |A| = 0N. If
|fa(a)| > €N for some o € T, then there exists an arithmetic progression P C [N] of length
L =|(eN)"? /)16 satisfying |AN P| > L(5 + ¢/8).

Proof. Let N € N and suppose A C [N], |A| = N and € > 0. Suppose further
(6) | fa(@)] = eN.
for some a € T, and let
L= [(eN)?/16].
By the Dirichlet approximation theorem, there exists ¢ € N, ¢ < 16L such that
llgallr < 1/(16L),

where ||gal|r is the distance between ga and the nearest integer. Set Py = {—lq:1 <[ < L}.
Let ¢ € N. By the triangle inequality,

|€27ri€qa| >1— |1 . e27ri€qa|.

It follows that

2milga |

Mh

1, ()] e

~
I

1

| 1— 627ri€qoz | )

v
h
|
] =

~
Il

1
For any t € R, we see .
[1— ™| < 2m[t]]r,

by comparing straight line distance to arclength around the circle. Thus,

L L
L= 1= > L—21) {|jgolr.
/=1 /=1

Now we use the fact that ||gal[r < 1/(16L) along with the formula S5 ¢ = @ ;

L
(L +1 wL L L
L—2WZ£|yanT2L—%_ = > S =5
/=1

Putting these facts together gives the following estimate.

(7) Tr ()] = L/2.
16



Next, we take the convolution of f4 and 1p,, defined by

A*lpo Zfa 1P0n_ )

meZ
221A(m)1p0n— —521[1\[] 1p0 n—m )
mEZL meEZ

Observe that
1 meAn(n— PO)

0 otherwise

1A(m)1p0(n—m) {

Therefore,
N 1a(m)lp,(n—m) = |AN (n — Ry)l,
meZ

and
6> 1w (m)Lp, (n —m) = 8|[N] N (n — Ry)).
mEZL

Hence,

(8) faxlp(n)=]AN(n—P)| = 9J|[N]N(n— FK).

By combining, (6) and (7), we have
eNL/2 < |fa(@)Tn (@) = [fa+ Tn (),

where we also used the fact that the Fourier transform of a convolution is the product of the
Fourier transforms. Now, we apply triangle inequality once again to obtain

fax Ir(@)l = 3 fax Ly (m)e 22| < 37 | fax 1p,(n)].

nez neL
In particular,

(9) > fax1p(n)| > eNL/2.

nel

At this point, observe that

> fan) =D 1an) = 6> Iw(n) =|A[ = 6N = 0.
ne”Z neZ neZ
It follows that

(10) > faxlp(n) =

nel
Take
D (faxlp(n),

neZ
to be the sum of the positive terms in (10) and

D (fax1p(n))_

neL
17



to be the sum of the negative terms. Since the sum in (10) equals 0, these positive and
negative parts cancel each other out, and thus they have the same size in absolute value.

Namely,
> (faxpm), = [(fax1r(n)_]|.
nez nez
Therefore,
(1) > (U I, = %Z [fa Ly ()] > eNL/4,

where we also used (9).
Finally, we look back to equation (8):
(fax1p)(n) =|AN (n = B)| = 0|[N]N(n = Fy)l.
Notice that if n < —gL or n > N, then f4 % 1p (n) = 0. In addition,
(fax1p)(n) < [AN(n— Fy)| < L.
Therefore, by (11),

D (faxlp)(n)y > (Z(fA * 1P0)<n)+> — L(2qL) > eNL/4 - 32L°.

n€l0,N—qL] neZ

Recall that L < (eN)Y/2/16, so 32L* > eNL/8. Hence,
> (fax1p(n)), >eNL/s.

n€[0,N—qL]

By the pigeonhole principle, there must be some value of n € [0, N — ¢L] for which
eNL/8
(fax1p)(n) > / > el/8.

N —qL —
Combining this with (8) yields
AN (n— FRy)| =6|[N]N(n— Fy)| + (fa*x1p)(n) > 0L +€eL/8 = L(0 +¢/8).

At last, we conclude that P = n— F, is an arithmetic progression with the desired properties.
O

Corollary 1. Suppose N € N and A C [N] with |[A| =0N. Ifo > (rN’“_Q)_l/(k_l) and A is
F-free, then there exists N' € N and A’ C [N'] such that A" is F-free, |N'| > r'/2N1/2§/32,
and |A’| > N'(6 + 126/8).

Proof. We have 2 cases based on how many elements of A lie in (BN, yN].
Case 1: |[AN (BN, yN]| < =204

First suppose k = 3. Scaling c1z7 4+ cows + c3z3 = 0 by —1 gives an equivalent problem.
Thus, we may assume c;,co > 0 and ¢35 < 0. It follows that K = 0, so f = 0 and v = 1.

Then A
Ao, N = 4> =L

and the condition for case 1 cannot be met.
18



Suppose k£ > 3. By the pigeonhole principle,
(i) [AN(0,5N]| = |A|(1+ (v = B)/4).
or
(i) AN (YN, N]| = [A|(L+ (v — B)/4).
Let (i) be true (the proof for (i7) is similar). Set N’ = SN and A’ = AN (0, 5N]. Since

k> 3,

C](Ck72)/2 > Ck.

Thus,
r2NY25/32 < 2N /32
(y = B)* V2N
32c 2/ 9k/2

— B)(k=1)/2
L =B EN
- 326k

Recall that
V=B =(1— K/
In addition, we may assume K # 0 by scaling cizq + - - - cpzp, = 0 by —1. Then
(= HEDEN (1= K/IFN

32 B 32¢;
L(J-K)(1-K/J)*2N
32
E(J - K)(1 - K/J)* 2N
32¢;

B(J — K)(1 — K/J)**N
32¢cs, '

<

We also know ¢, = J — K. In this way, we have
BJ = K)(1— KJJ)F3N  B(L— K/J)*3N
32¢ B 32
< BN
=N

Putting these facts together, we obtain
N’ > r1/2N1/25/32.

Finally, we see
(AT > A1+ (v = B)/4)
=N +4d(v—5)/4))
> N'(6+6(v—B)/4).
19



In addition, we know k£ > 3, ¢, > 1, and v — < 1. Therefore,
(y = Bk
c],z’22k

= N'(0 +125/8).

N'(6 +6(y — 8)/4) > N’ (5 +

as needed.

Case 2:|AN(BN,yN]| > (7*5)\A|‘

Lemmas 1 and 2 provide an F-free arithmetic progression P = {n+/0q:1 <{ < L} C [N]
such that |[AN P| > L(§ +720/8). Set N' = L and A’ = (AN P) —n)/q. F is invariant
under scaling and translation. Therefore, since AN P is F free, A’ is also F free. Hence, A’
and N’ satisfy the desired conditions.

O

We are prepared to prove theorem 2.

Proof. Set Ny = N and Ay = A. By lemma 3, as long as J; > (TNf_Z)_l/(k_l), there exist
Nj+1 € N and Aj—i-l C [Nj-l—l] with Aj+1 = j+1Nj+1 where Al is F free, (51 > 0+ T62/8 and
INjia| > 71/2N jl/ ?5/32. But this process cannot continue forever. In fact, since the density
increment at each step is 797 /8, the ¢;’s will exceed 26 in at most §/(rd*/8) = 8/(r9) steps,

at which point they will exceed 49 in at most 4/(rd) steps, and so on. Successively doubling
in this way, the J,’s must eventually exceed 1, but this is absurd. Therefore, we must have

dj—1 < (er:f)_l/(k_l) for some
2 16

'<8+4+ +
J ré6 rd 1o s

We use this inforation to create the following inequality chain.

6 S (5]'_1 S T_l/(k_l)Nj__(f_Q)/(k_l)

—1/(k— —1/2
< p /DN Y
< 1/ (k=1) (327,—1/25—1>1/2sz12/4

< 1/ (k=1) (327n71/2571>3/4N;_13/8

< 7,71/(1%1)(327071/2571)171/21—1N71/21'
< T71/(k71)(327”71/2571)]\[71/216/“5)_
Rearranging the extreme ends of the chain yields
N1/216/(T5> < 39012 1/(k=1) 52
Take the natural logarithm of both sides to obtain

log N < 216/(r) Jog (327"*1/2*1/(]“*1)(5*2) :
20



Take the natural logarithm of both sides once more.

1
loglog N < —g log 2 + log log (32~ 1/271/(h=1)572)
r

1
< —g log 2 + log log (327“_25_2) .
r

Note for every x > 0, logz < x/2. Thus,
16 16
s log 2 + log log (327’_25_2) < p log 2 + log (167"_2(5_2)
r r

16 e
:ﬁlog2+210g(4r s 1)

16 4
< —log2+4+ —
—rd 8 +7’5

16
rd’
In total, these inequalities give the desired result:
16N
Al < ——.
rloglog N

<

8. FINITARY DENSITY REGULARITY VS. DENSITY REGULARITY

Notice that our statement of Roth’s theorem gives a quantitative upper bound on F-free
subsets of N. By finding such an upper bound, we prove finitary density reqularity.

Definition 1. We call F finitary density regular if for every § > 0, there exists Ny € N such
that:
(A C[N]is F-free = |A| <JN) for all N > Nj.

Notice that § corresponds to the upper bound which grows arbitrarily small. In the case
of Roth’s theorem for a general linear equation, this is 16/loglog N. Even though proving
density regularity is the goal in some problems, other times we may want to find improved
bounds. As we will see in section 9, it is possible to do much better than 16/loglog N in
the case of Roth’s theorem.

As expected, finitary density regularity implies density regularity.
Proposition 1. If F is finitary density regular, then F is density regular.

Proof. Let A C N be F free, and let € > 0. Since F is finitary density regular, there exists
Ny € N such that

ANV _
N
for every N > Ny. It follows that
ANI[N
lim AN
N—oo
Thus, 6(A) = 0, and F is density regular, as needed. |
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Interestingly, the converse is not necessarily true. We will construct an extreme example.
Make the following definitions.
aF) =sup{0(A) : A C N is F-free}.
B(F) = sup{¢ : For infinitely many N € N, there exists an F-free set A C [N] with |[A] > dN}.

Observe that F is density regular if and only if o(F) = 0 and F is finitary density regular
if and only if 5(F) = 0. In sense, a measures how close F is to density regularity and
measures how close F is to finitary density regularity. Below, we construct a family that is
density regular but not finitary density regular in the most extreme way possible (a(F) =0
and f(F) =1).

Proposition 2. Let
F={{z,y} e N*:y > 27}
Then a(F) =0 and f(F) = 1.
Proof. Let A C N. Suppose A C N is infinite. Take x € A. Since A is infinite, there exists

some y € A such that y > 2% Then A is not F-free. Thus, if A is F-free, then F must be
finite, so 0(A) = 0. It follows that «(F) = 0.

Let 0 <6 <1, N> 5. Notice {N,N +1,...., N?} C [N?] is F-free, and
HN,N+1,...,N*}|=N? - N +1

> N?—- N

= N%*(1 —1/N)
> N?(1—(1-9))
= N2

It follows that §(F) = 1.

9. SOME CUTTING-EDGE RESULTS RELATED TO ROTH’S THEOREM

Mathematicians continue to refine and expand upon results related to Roth’s theorem.
Some have sought to improve density bounds while others have worked towards new gener-
alizations. Recently, Bloom and Sisask [18]| obtained a much anticipated, improved bound
on the density of sets lacking 3AP’s.

Theorem 3. Let N € N. If A C [N] contains no 3AP, then
Al < CN/(log N)™,

for some constants C,e > 0.

Note that 1/(log N)'*¢ shrinks far more quickly than 1/loglog N, so this is indeed an
improved upper bound.

Schoen and Sisask [19] were able to find even better density bound for sets with no solutions

tox +y+2z=3w.
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Theorem 4. If N > 3 and A C [N] contains no solution to x + y + z = 3w with x,y, z, w
not all equal, then

N

Al <
A< P elog M)

for some positive constant c.

Notice that Roth’s theorem for a general linear equation applies to  + y + 2z = 3w (the
coefficients sum to zero), but 1/ exp(c(log N)'/7 shrinks much more quickly than 1/loglog N
or 1/(log N)'e.

Chapman and Chow very recently created a powerful extension of both Roth’s theorem
and Rado’s theorem. Consider solutions to a polynomial equation of the form

(1) a1 P(xy) + -+ -+ asP(zs) =0,

where P is an intersective polynomial with integer coefficients of degree d and aq,...,as €
Z(P is intersective if P(Z) contains a multiple of every integer). The equations in Schur’s
theorem, Rado’s theorem, and Roth’s theorem for a general linear equation are all of this
form (with P(x) = x). As another example, Pythagorean triples satisfy such a polynomial
equation (P(x) = z? and a; = a3 = 1,a3 = —1).

They showed that under the right conditions, the family of solutions to this polynomial
equation are density regular if and only if the coefficients sum to zero (compare to Roth’s
theorem for a general linear equation) and partition regular if and only if a subset of the
coefficients sums to zero (compare to Rado).

In particular, let F be a family of solutions to (1). Chapman and chow [20] proved the
following result.

Theorem 5. Let
5, ifd=2
s1(d) = ¢ 9, ifd=3.
?—d+2|vV2d+2]+1, ifd>4
If s > s1(d), then we have the following.

(1) F is partition reqular if and only if there exists a non-empty subset of {ay,..., as}
which sums to 0.

(2) F is density regular if and only if a1 + -+ + as = 0.

If 51(2) were 3 instead of 5, we would have a solution to the Pythagorean triples problem!

10. THE TRANSFERENCE PRINCIPLE

We now introduce the idea of relative density.

Definition 1. For A C B C N, define

. |ANnB]
D= B (B
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Definition 2. For B C N we say a family F is B-density reqular if every F-free A C B has
dp(A) =0.

We think of d5(A) as the conditional probability a natural number lies in A given it lies
in B. With these definitions, we are ready to state a suprising fact proven by Ben Green
and Terrence Tao [11]. Let P denote the set of prime numbers.

Theorem 6 (Green-Tao theorem). For every k € N, the family of kAP’s is P-density
reqular, where P is the set of primes.

Interestingly, 6(P) = 0, so the Green-Tao theorem is not a consequence of Szemerédi’s
theorem. Nevertheless, this property of dense subsets of N “transfers” to a property of
relatively dense subsets of the prime numbers. This is the transference principle.

Mathematicians often study the transference principle in the density setting, as in the
Green-Tao theorem, but the same cannot be said of the transference principle in the coloring
setting. Here, we provide some definitions and observations in this direction.

Definition 3. For B C N, we say a family F is B-partition regular if for every r € N, every
r-coloring of B yields a monochromatic member of F.

Let S be the set of perfect squares. We may ask the following question: are the Schur
triples S-partition regular? This is the unsolved Pythagorean triples problem.

Many results concerning partition regularity carry over to the relative setting. We illustrate
this fact with a few exercises, after which our discussion is complete. The first provides a
relationship between relative partition regularity and relative density regularity.

Proposition 1. For any B C N and family F of finite subset of N, B-density reqularity of
F implies B-partition reqularity of F.

Proof. Suppose B C N, F is a family of finite subsets of N such that F is not B-partition
regular, and assume for the sake of contradiction that F is B-density regular. Then there
exists a partition {C}, Cy, ..., Cy} of B which yields no monochromatic member of F. Thus,
for each C;, we have d5(C;) = 0 because we have assumed F is B-density regular. Therefore,

by the limit sum property. We also know {C}, Cs, ..., Cy} is a partition of B, so the the C;’s
are pairwise disjoint and Ule C; = B. Thus,




y [INJNUL, G
T Noe  [BONV]]
_ i BNV

N=eo [ BN [N]]
=1.

Putting everything together, we have 0 = 1, a contradiction. Hence, F is not B-density
regular.

O

By setting B = N, we see that density regularity implies partition regularity. For instance,
Szemerédi’s theorem implies Van der Waerden’s theorem. However, the converse is not
necessarily true. For instance, the Schur triples are partition regular but not density regular.
Indeed, the set of odd numbers contains no Schur triple even though it has density 1/2.

Here is an interesting consequence of partition regularity: if F is partition regular, then
every r-coloring of F yields infinitely many monochromatic members of F. It turns out that
this is true in the relative setting as well.

Proposition 2. Suppose F is a family of finite subsets of N, each of which contains at least
two elements, B C N and r € N, and further suppose F is B-partition reqular. Then every
r-coloring of B yields infinitely many monochromatic members of F.

Proof. Let (', ..., C, be an arbitrary r-coloring of B. Assume (1, ..., C,. yields finitely many
monochromatic members of F, whose elements form the set M = {m;, ..., m;}. Then

{ml}, ceey {mj}, Cl - M, CQ - M, '-'707‘ — M.

is a finite coloring of B with no monochromatic member of F. Thus, F is not B-partition
regular. 0

Proposition 3. Suppose ¢y, ...,cx € Z and ¢y +---+c, # 0. Let F be the family of solutions
to cixy+- - -+cprr = 0. If F is B-partition regular, then B contains infinitely many multiples
of every natural number.

Proof. Suppose c1x1+ - - - + cpx is B-partition regular. Let ¢ +---+cx = ¢, and let m € N.
We focus on the following partition of B:

{Bla BZ7 (RS ch> }7

where
By ={re€ B:r =k (mod cm)}.
By combining the fact that F is B-partition regular with proposition 2, we know there is
some B; which contains infinitely members of F. Say {xi,...,2x} C B is a member of F.
Then
0=cz1+ - -cpxp =lc (mod cm).

Then cm | le, so m | . It follows that every element of B; is divisible by m, and we also
know B; contains infinitely many elements because it contains infinitely many members of

F. Thus, B contains infinitely many multiples of m.
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O

Proposition 4. Let B C N contain qN. Let F be a partition regular family in N, and
suppose that if r € N and m € F, then rm € F. Then, F is B-density reqular.

Proof. Let Cy,..,C, be a partition of gN. For each i, set D; = C;/q. Then Dy, ..., D,
is a partition of N. Because F is partition regular, we know that for some [, there is a
monochromatic member of F, say m, in D;. Then ¢gm is a monochromatic member of F in
(), and we are done. It follows that F is ¢N partition regular, so F is B-partition regular,
as needed.

O
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